We consider the neutral triple-gauge boson production process in the context of large extra dimensions (LED) models including the Kaluza-Klein (KK) excited gravitons at future linear colliders, say ILC (CLIC). We consider , Z, ZZ, and ZZZ production processes, and analyze their impacts on both the total cross section and some key distributions. These processes are important for new physics searches at linear colliders. Our results show that KK graviton exchange has the most significant effect on e À e þ ! ZZ among the four processes with relatively small M S , while it has the largest effect on e À e þ ! with larger M S . By using the neutral triple-gauge boson production we could set the discovery limit on the fundamental Plank scale M S up to around 6-9 TeV for ¼ 4 at the 3 TeV CLIC.
I. INTRODUCTION
The hierarchy problem of the standard model (SM) strongly suggests new physics at the TeV scale, and the idea that there exists extra dimensions (ED), which first proposed by Arkani-Hamed et al [1] , might provide a solution to this problem. They proposed a scenario in which the SM field is constrained to the common 3 þ 1 space-time dimensions (''brane''), while gravity is free to propagate throughout a larger multidimensional space D ¼ þ 4 (''bulk''). The picture of a massless graviton propagating in D dimensions is equal to the picture that numerous massive Kaluza-Klein (KK) gravitons propagate in 4 dimensions. The fundamental Planck scale M S is related to the Plank mass scale M Pl ¼ G , where R and are the size and number of the ED, respectively. If R is large enough to make M S on the order of the electroweak symmetry breaking scale ($ 1 TeV), the hierarchy problem will be naturally solved, so this extra dimension model is called the large extra dimension model (LED) or the ADD model. Postulating M S to be 1 TeV, we get R $ 10 13 cm for ¼ 1, which is obviously ruled out since it would modify Newton's law of gravity at solar-system distances; and we get R $ 1 mm for ¼ 2, which is also ruled out by the torsion-balance experiments [2] . When ! 3, where R < 1 nm, it is possible to detect graviton signals at high-energy colliders.
At colliders, the exchange of a virtual KK graviton or the emission of a real KK mode could give rise to interesting phenomenological signals at TeV scales [3, 4] . Virtual effects of KK modes could lead to the enhancement of the cross section of pair productions in processes, for example, dilepton, digauge boson (, ZZ, W þ W À ), dijet, t " t pair, HH pair [5] [6] [7] [8] [9] [10] [11] , etc. The real emission of a KK mode could lead to large missing E T signals viz. monojet, monogauge boson [3, 4, 12, 13] , etc. The CMS Collaboration has performed many searches for LED on different final states at ffiffi ffi s p ¼ 7 TeV [14] [15] [16] , and they set the most stringent lower limits to date to be 2:5 TeV < M S < 3:8 TeV by combining the diphoton, dimuon, and dielectron channels. Studies for LED have been extended to three-body final state processes in recent years. Triple-gauge bosons production in the SM are important because they involve 3-point and 4-point gauge couplings in the contributing diagrams, which allow for restrictive tests of triple and quartic vector boson coupling. And also they might contribute backgrounds to new physics beyond the SM. Furthermore they are sensitive to new physics. These kinds of processes have been studied at LO [17] [18] [19] and NLO [20] [21] [22] [23] [24] [25] in the SM, and virtual graviton exchange effects to these processes within the LED model at LHC have been studied recently [26] . Linear colliders have more advantage in testing ED than LHC for the following reasons. First, even though the LHC has a much higher center-ofmass (c.m.s.) energy than linear colliders, the theoretical amplitude at LHC is hampered by the unitary constraint ffiffi f s p < M S . Second, linear colliders have cleaner environment than LHC, so it is much easier to select the ED signals. The capabilities of the planned International Linear Collider (ILC) and Compact Linear Collider (CLIC) for precision Higgs studies are well documented [27, 28] . They will also provide opportunities for the search for new physics beyond the SM. So in this paper we consider the triple-gauge bosons production at ILC and CLIC e À e þ ! VVV within the LED model, where we restrict V to be neutral gauge boson (V ¼ , Z). The following four final states are the subject of this analysis: (i) , (ii) Z, (iii) ZZ, and (iv) ZZZ. The case where V ¼ W AE is in preparation and will be part of a different paper.
This paper is organized as follows: in Sec. II we present the analytical calculation of the processes mentioned above with a brief introduction to the LED model, Sec. III is arranged to present the numerical results of our studies, and finally we summarize the results in the last section.
II. THEORETICAL FRAMEWORK
In this section we give the analytical calculations of the process e À e þ ! VVV with V ¼ , Z at linear colliders in the LED model. In our calculation we use the de Donder gauge. The relevant Feynman rules involving graviton in the LED model can be found in Ref. [4] . We denote the process as
where p 1 , p 2 , and p 3 , p 4 , p 5 represent the momenta of the incoming and outgoing particles, respectively. In Fig. 1 we display the Feynman diagrams for this process in both the SM and LED models, among which Figs. 1(a) and 1(b) are SM diagrams and Figs. 1(c)-1(e) are LED diagrams. We have neglected the Higgs coupling to electrons because the Yukawa coupling is proportional to the fermion mass. But the Higgs coupling to Z bosons, which appears in e À e þ ! ZZZ process [ Fig. 1(b) ], cannot be neglected because of its large contribution, e.g., with ffiffi ffi s p to be 300-3000 GeV, the cross section for Fig. 1(b) is about 26% À 9% of the total SM cross section. After considering all possible permutations, we have 12 SM diagrams for the ZZZ production process and 9 SM diagrams for the other three processes, and we have 12 LED diagrams for the and ZZZ processes and 4 LED diagrams for Z and ZZ processes.
In our calculation we consider both the spin-0 and spin-2 KK mode exchange effect. The spin-0 states only couple through the dilaton mode, which have no contribution to and Z processes and could contribute to ZZ and ZZZ production processes through couplings to massive gauge bosons. However the cross sections coming from the dilaton mode are so small that can be neglected, e.g., they are at most about 10 À12 and 10 À8 times of the total cross sections for the ZZ and ZZZ production processes, respectively. So we focus our study on the spin-2 component of the KK states.
The couplings between gravitons and SM particles are proportional to a constant named gravitational coupling ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 16G N p , which can be expressed in terms of the fundamental Plank scale M S and the size of the compactified space R by
In practical experiments, the contributions of the different Kaluza-Klein modes have to be summed up, so the propagator is proportional to i=ðs ij À m 2 n Þ, where s ij ¼ ðp i þ p j Þ 2 and mñ is the mass of the KK stateñ. Thus, when the effects of all the KK states are taken together, the amplitude is proportional to Pñ
this summation is formally divergent as mñ becomes large. We assume that the distribution has a ultraviolet cutoff at mñ $ M S , where the underlying theory becomes manifest. Then DðsÞ can be expressed as
The imaginary part IðÃ= ffiffi ffi s p Þ is from the summation over the many nonresonant KK states and its expression can be found in Ref. [4] . Finally, the KK graviton propagator after summing over the KK states is
Using the Feynman rules in the LED model and the propagator given by Eq. (4), we can get the amplitudes for the virtual KK graviton exchange diagrams in Fig. 1 . The total amplitude can be obtained by adding these LED amplitudes together with the SM ones. The total cross section can be expressed as the integration over the phase space of three-body final state:
where P represents the summation over the spins of final particles and the average over the spins of initial particles. The phase-space element dÈ 3 is defined by
III. NUMERICAL RESULTS
A. Input parameters and kinematical cuts
We use the FEYNARTS and FORMCALC packages [29, 30] numerical calculations. We use BASES [31] to perform the phase space integration and the CERN library to display the distributions. The SM parameters are taken as follows [32] [33] [34] where R is defined as R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi ðÁÞ 2 þ ðÁÞ 2 p , with Á and Á denoting the separation between the two particles in azimuthal angle and pseudorapidity, respectively.
B. Total Cross sections
In Fig. 2 
is less than about 1 TeV, the curves for the total cross sections including the LED effect seem to be overlapped with that in the SM, then the LED effect becomes significant with the increment of ffiffi ffi s p . When M S ¼ 3:5 TeV, the e À e þ ! ZZ process has the most significant LED effect among the four processes considered in this paper, while the e À e þ ! Z process has the least. When ffiffi ffi s p ¼ 500 GeV, the cross sections for the and Z production processes are comparable, which are 91 fb and 78 fb respectively, because they have comparable phase-space. While the cross sections for the ZZ and ZZZ processes are much smaller due to the less phasespace, which are 18 fb and 1 fb, respectively. When ffiffi ffi s p increases to 3 TeV, the cross section for ZZ is enhanced to 347 fb, which is even larger than the process (323 fb), and the cross section for ZZZ process is enhanced to 34 fb, which is comparable to the Z process (36 fb). With a larger M S value (5.5 TeV), the LED contribution to the production process will exceed ZZ , which is why the e À e þ ! process puts the highest limits on M S , as we will see later. In Fig. 3 we present the dependence of the cross section on energy scale M S with ffiffi ffi s p ¼ 1 TeV, 2 TeV, and 3 TeV, respectively. In each panel of Fig. 3 , we present the curves for the cross sections with the extra dimension value being 3, 4, 5, and 6, separately. The solid straight lines, which are independent of M S , are the SM results, and the dashed, dotted, dash-dotted, and dash-dot-dotted lines are the cross sections for ¼ 3, 4, 5, and 6, respectively. It is clear that for a given value of , the cross section decreases rapidly with the increment of M S , and finally approaches to its corresponding SM result. We can see again that the virtual KK graviton exchange contribution decreases with the increment of the value. The LED effect on the cross sections with ffiffi ffi s p ¼ 1 TeV is too small to be detected, especially for the e À e þ ! Z process, which is coincident with Fig. 2 . If we get a high enough c.m.s energy, say 3 TeV, the cross sections would be very significant when M S is not very large. Even with M S ¼ 6 TeV, the cross sections are still several times the SM ones.
C. Distributions
The distributions of the Gauge boson pair invariance mass M VV (VV ¼ , ZZ) and the Gauge boson transverse momentum p V T as well as their rapidity y V at the 3 TeV CILC are shown in Figs. 4-6 . The results are for M S ¼ 6:5 TeV at the fixed value 4 for the number of ED and obtained by taking the input parameters mentioned above.
1. e À e þ ! Before selecting our event samples for triple production, we order the photons on the basis of their transverse momentum i.e., p
T . For e À e þ ! , we are interested in the p T and y distributions that are displayed in the left-hand and right-hand panels in Fig. 4 , respectively. The solid, dashed, and dotted lines refer to 1 , 2 , and 3 , respectively. In high p 1 T and p 2 T regions, the LED effect dominates the total (SM þ LED) distribution, because more KK modes contribute with the increase of p T . A difference can be found for the p 3 T production, although it is still enhanced by the LED effects, its low p T region is dominant while in the high p T region it becomes much smaller. Rapidity distribution of the related photon has been shown in the right-hand panel in Fig. 4 . As we can see, the rapidity distributions in the LED model show significant peaks around y ¼ 0, which implies the large contributions at the high p 2. e À e þ ! ZZZ Similar to the e À e þ ! production, triple Z bosons final particles are classified in such a way that p
T . Similar conclusions can be found for the e À e þ ! ZZZ production. It is not strange that the signal of triple signal is larger than the triple Z production since the three Z bosons suppress the phase-space integration extremely, so that the total cross sections as well as the distributions become smaller as can be seen in Figs. 4 and 5, the peak is around 0:0006 fb=GeV for p Z 1 T compared to 0:01 fb=GeV for p 1 T in the high p T region. For the y distributions, the peaks for the ZZZ production are narrower than the distributions, however, the conclusion is the same that the rapidity distributions in the LED model show significant peaks around y ¼ 0.
3. e À e þ ! Z and e À e þ ! ZZ Now let us see the distributions for the e À e þ ! Z and e À e þ ! ZZ productions. The photon pair decay of the KK graviton is one of the clean decay modes, so the distribution of the invariant mass of the photon pair (M ) is a useful observable for e À e þ ! Z. An obvious enhancement on the tail of this distribution makes such region of extreme interest. Typically, we find that the KK Fig. 6 . The upper and lower ones refer to the SM predict and SM þ LED effects. For the process e À e þ ! ZZ, it is similar to the Z production process, and in this case, the invariant mass of Z boson pair (M ZZ ) is a useful observable. We thus display it in Fig. 6 , see the solid lines. These two solid line branch at about the invariance mass 1 TeV, and the upper and lower ones present the SM and SM þ LED effects, respectively.
It is clear that if the deviation of the cross section from the SM prediction is large enough, the LED effects can be found. We assume that the LED effects can and cannot be observed, only if [35] 
and
Our final results show that by using the production we can set the discovery limit on the fundamental Plank scale M S up to 3.1-9.9 TeV, depending on the extra dimension & ½3; 6, with the luminosity 300 fb À1 and the colliding energy 1-3 TeV. For the other three final states Z , ZZ , and ZZZ , the limits are 1.8-6.3 TeV, 2.9-9.3 TeV, and 2.2-7.4 TeV, respectively. To do a more detailed description, in Table I , we present the 5 discovery and 3 exclusion fundamental scale M S values at the ILC/CLIC with the luminosity 300 fb À1 for ¼ 4 . It shows that compared to the other three channels, can set the discovery limit bounds much higher, up to 8.9 TeV. The phenomenology of the neutral triple-gauge boson production at the near future is much richer at linear colliders, though its production cannot give compete limits as, for example, dilepton production gives, it is still very interesting and important.
To make a comparison with Ref. [26] , we repeat the pp ! VVV (V ¼ , Z) process at LHC, using the same parameters and cuts with Ref. [26] , and find that our results are in good agreement with theirs. In Table II we list the integrated luminosity the 14 TeV LHC needed to accomplish the discovery and exclusion bounds at a 1 TeV LC (the first two column data listed in Table I ), by using the corresponding VVV production channels with ED ¼ 4. The table shows that with years of collection of data, LHC could accomplish the discovery and exclusion limits set by a 1 TeV LC, even for the most challenging channel . While the limits set by a 2 or 3 TeV LC are much higher, the required amounts of data for matching these bounds are too large to be a reasonable projection for the LHC reach.
IV. SUMMARY AND CONCLUSIONS
In a short summary, we calculate the neutral-gauge boson production processes , Z, ZZ, and ZZZ in the SM and LED model at ILC and CLIC. We investigate the integrated cross sections, the distributions of some kinematic variables M VV , p total cross sections and differential distributions of kinematical observables generally. Among the four processes we considered, the e À e þ ! ZZ or e À e þ ! process has the most significant LED effect with relatively small or large M S , respectively. While e À e þ ! Z has the least contribution from LED diagrams. With the development of linear colliders, more information related to LED effects can be obtained experimentally through such important productions. At the 3 TeV CLIC, it is expected that ZZ production can be used to explore a range of M S values up to 7.3-9.3 TeV depending on the number of ED. Through production, we can extend this search up to 9.9 TeV, While using Z and ZZZ productions, lower bounds on M S can be found, which are 6.3 TeV and 7.4 TeV, respectively.
